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Abstract

In this paper we reconsider the problem of the Euler parametrization for the unitary groups. After
constructing the generic group element in terms of generalized angles, we compute the invariant measure
on SU(N) and then we determine the full range of the parameters, using both topological and geometrical
methods. In particular, we show that the given parametrization realizes the group SU(N +1) as a fibration
of U(N) over the complex projective space CP™. This justifies the interpretation of the parameters as
generalized Euler angles.
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1 Introduction

The importance of group theory in all branches of physics is a well-known fact. Explicit realizations
of group representations are often necessary technical tools. Often it is finite dimensional and
compact Lie groups and then the knowledge of the associated algebra, which describes the group
in a neighborhood of the identity, is enough for this purpose.
There are however cases where an explicit expression of the full global group structure is needed,
as for example when non perturbative computations come into play. In most of these cases, the
main objectives are two: First, one would like to find a relative simple parametrization, making all
the computations manageable. Second, one needs to determine the full range of the parameters,
in order to be able to handle global questions.
If both such points can seem unnecessary at an abstract level, they become essential at a most
concrete level, e.g. in instantonic calculus or in nonperturbative lattice gauge theory computations.
The necessary computer memory for simulations is in fact drastically diminished.
The case of SU(N) was first considered and solved by Tilma and Sudarshan, in [1]. There, they
provide a parametrization, in terms of angular parameters, for the unitary groups. In particular,
in the first paper they consider special groups, SU(N), together with some applications to qubit
and qutrit configurations. In the second paper, they give an extension to U(N) groups, using the
fibration structure of SU(N + 1) as U(N) fiber over the complex projective space CP".
In this paper we reconsider the problem of finding a generalized Fuler parametrization for special
unitary groups. The intent is to provide a fully explicit and elementary! proof of the beautiful
results of [1]. Our motivation is that the determination of the range of the parameters is a quite
difficult task, so that disagreements are present in the literature even for SU(3) (for example in
[4]). Therefore, we think that a careful deduction is necessary in order to corroborate the results
of Tilma and Sudarshan. Also, all our proofs based essentially on inductive procedures, and they
are explicit, in order to be easily accessible to anyone who needs them.
Our construction is quite different from [1], and as a result our parametrization differs slightly
from theirs. However, this doesn’t affect the final expression of the invariant measure.

To illustrate the spirit of our construction, let us start by taking a look at the Euler parametriza-
tion for SU(2).
Starting from the Pauli matrices
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it is known that the generic element of SU(2) can be written as
g — eiqﬁogeiﬁ’ageiwag X (12)

Here ¢ € [0,7], 0 € [0,7/2], ¢ € [0,27] are the so called Euler angles for SU(2). They are related
to the well-known Euler angles traditionally used in classical mechanics to describe the motion of a
spin. From the point of view of the structure of the representation, (1.2) is obtained starting from
a one parameter subgroup exp(ifos) and then acting on it both from the left and from the right
with a maximal subgroup of SU(2) which doesn’t contain the first subgroup. We can rewrite it in

Iwhich doesn’t means short!



the schematic form g = U(1)exp(i@o2)U(1). On the other hand, the group SU(2) is topologically
equivalent to the three-sphere S3, and admits a Hopf fibration structure with fiber S* over the
base S? ~ CP'.

To recognize this fibration structure in (1.2), we can apply the methods used in [2, 5]. After
introducing the metric (A|B) = %TT(AB) on the algebra, the metric on the group can be computed
as ds> = J ® J, where J = —ig~'dg are the left-invariant currents. Following [2], it is possible to
separate the fiber from the base by writing g = hU(1), where h = €'?73¢¥972 and U(1) = %73,
To find the metric on the fiber, let’s fix the point on the base and compute the currents along the
fiber, Jp = —iU(1)~1dU(1) = dipos. The metric on the fiber is then simply given by ds% = dy?.
To determine the metric on the base, we first have to project out from the current Jg = —ih~'dh
the component along the fiber, in order to be left with the reduced current on the basis Jp =
dipos + sin(2t))dioy, which then in turn provides the metric

[d(24)? + sin® (24)d(29)?] . (1.3)

=

2 _
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This corresponds in fact with the metric of a sphere of radius % It is easy to see that, introducing
the complex coordinates z = tan e’ and their complex conjugates, the metric ds% reduces to the
standard Fubini-Study metric for CP!.

This shows that the Euler parametrization captures the Hopf fibration structure of SU(2), which
is the starting point for our construction. Mimicking what we said about SU(2), let’s write the
generic element of SU(N +1) as g = U(N)e(0)U(N), where e(f) is a one parameter subgroup not
contained in U(N). The first difficulty we have to face here is that this expression for a generic
SU(N + 1) group has redundancies, which have to be eliminated. After this problem is solved, we
then have to show that the parametrization respects the Hopf fibration structure of SU(N + 1).

2 The SU(N) algebra

The generators of su(N) are all the N x N traceless hermitian matrices. A convenient choice for
a base are the generalized Gell-Mann matrices as explained in [1]. Let’s remind how they can be

constructed using an inductive procedure. Let be {)\i}il\ffl the Gell-Mann base for su(N): They
are N x N matrices which can be embedded in su(N + 1) adding a null column and a null row

Z\Z:(’\ﬁ" g). (2.1)

We will omit the tilde from now on. The dimension of SU(N) being (N + 1)? — 1, we must add
2N + 1 matrices to obtain a Gell-Mann base for su(N + 1). This can be done as follows: Put

{AN2120-2}ap = ba,a08,N+1 + a,N+105,a

{Av2g20-1}ap = (00,008, N+1 + da,N+105.a) » (2.2)
fora=1,..., N. The last matrix we need is diagonal and traceless so that we can take A(n41)2_1 =
ent1diag{l,...,1,—N}.

2
One can easily verify that the base of matrices {A I}gfl) ~! 50 obtained satisfies the normalization



condition Trace{A;\;} = 207 if we choose eny11 = 4 /m.

These are exactly the matrices we need to generate the group elements.

3 The Euler parametrization for SU(IN +1): Inductive con-
struction

It is a well known fact that special unitary groups SU(N + 1) can be geometrically understood
as U(N) fibration over the complex projective space CPY. Now U(N) is generated by the first
N2 — 1 generalized Gell-Mann matrices plus the last one A(N+1)2—1- Using the fact that all the
remaining generators of SU(N + 1) can be obtained from the commutators of these matrices with
Anz41, one is tempted to write the general element of SU(N + 1) in the form

SU(N +1) = U(N)e"®~21U(N) . (3.1)

However to describe SU(N + 1) we need (N + 1)? — 1 parameters, while in the r.h.s. they are
2N?2 +1: There are (N —1)? redundancies. Inspired at first by dimensional arguments, we propose
that an U(N — 1) subgroup can be subtracted from the left U(N) in the following way.

Let us write U(N) in the form U(N) = SU(N)e"*w+n2-1. Inductively, we can think that also
SU(N) can be recovered from U(N —1)e'* v-12+11/(N —1) eliminating the redundant parameters,
so that it will have the form SU(N) = he'®*w-12+1SU(N — 1)e?*~2-1. We then choose to
eliminate the appearing SU(N —1) together with the phase e”¥*(v+2-1_ In this way the SU(N+1)
group element can be written in the form SU(N 4 1) = he'® wv-12+1¢10Ax21¢1Av21 [7(N). By
induction, assuming N > 2 we arrive to the final form of our Ansatz about the parametrization of
the general element g € SU(N + 1)

N

g = eif12sgidr1re H [ei%’\azﬂei¢“>‘a2+1]U(N)[a1, o], (3.2)
a=2
where U(N)[a1, ..., anz] is a parametrization of U(N) which in turn can be obtained inductively
using the fact
UN)=I[SUN)xU)]/Zy . (3.3)

The Ansatz (3.2) contains the correct number of parameters. However, we need to show that
it is a good Ansatz, meaning that at least locally it has to generate the whole tangent space to
the identity. Using the Backer-Campbell-Hausdorff formula and some properties of the Gell-Mann
matrices?, it is easy to show that
N N41)2-2
01 A1 idh1 A3 H[eiz—g)\a2_lei¢a>\a2+l] _ eizgzr T2 7 (3.4)

a=2

where a; are all non vanishing functions of the 2NV parameters 0,, ¢,. Thus in a change of coordi-
nates (from the 6,, ¢, to the a;) only 2N of the a; can be chosen as independent parameters. We

2Essentially the fact that the commutators of A(k—1)241 With the first (k — 1)2 — 1 matrices generate all the
remaining matrices of the su(k) algebra but the last one



could choose the last ones, corresponding to the coefficients of the matrices {)\k}i\iEEN ~!. In this

way, the N2 free parameters for the remaining matrices come out exactly from the U(N) factors
in (3.2).

We have not entered into details here because a second simple proof of the validity of this
parametrization will be given by constructing a nonsingular invariant measure from our Ansatz.

4 Invariant measure and the range of the parameters

4.1 The invariant measure

To construct the invariant measure for the group starting from (3.2), we will adopt the same
method used in [2], with U := U(N) as the fiber group. Let us then write (3.2) as

g=h-U. (4.1)
Starting from the computation of the left invariant currents j;, = —ih~'dh, we can define the one
forms
1
e = 5T [in - An24i-1] l=1,...,2N, (4.2)

which turns out to give the Vielbein one forms of the base space of the fibration. If e denotes the
corresponding Vielbein matrix, the invariant measure for SU(N + 1) will then take the form

dpsu(n+1) = dete - duy vy (4.3)

dpy(ny being the invariant measure for U(N). Using (3.3) with U(1) = ¢’ TN 21 e obtain
the recursion relation®

dw

dpusu(n+1y = dete - dusu(ny . (4.4)
EN+1
Then we will concentrate on the det e term. To this end let us write (3.2) in the form
9= hn1[0a; ¢a] - Ulas] . (4.5)
Here we will consider NV > 3 so that the relation
hnyr = h]\/eigilj\\;)\1\'2*1614(1)]\’)\1\’2+1 5 (4.6)
is true. If we introduce the right currents Jj,,, = —ihﬁlﬂthH then the Vielbein (4.2) takes

the form

ei{N} = §T7“{JhN+1)\l} =donO; N241 + EdQNTT {6_1¢NAN2+1 )\N2,1€Z¢N>‘N2+1>\N2+l}

1 _ioN i ON N ; .
—|—§Tr e TN N1 T el e V21BN AN )\ o e TN AN § (4.7)

3Note that here w is allowed to vary in the range [0, 27/N].



and using the relations in appendix A we find

dén 0 0
. . N
eIV = 0 singycosgnddy  sindycosdni >, T [o%ajhw)\atl} 48)
1. —iIN o iON N,
0 0 5sinonTr {e N NI, elen AN IM]

where we introduced the {N} index to remember that this is a 2NV x 2N matrix associated to the
group SU(N +1). Here M is a column of matrices, Myj_1 = Xj241, Maj = Aj2, j=1,2,...,N—1.
Formula (4.8) then reads as follows: Jj, is a 1-form with components J ¢, ¢ =1,2,...,2n — 2,
with respects to the coordinates X¢, defined as X?~! = 6;, X%/ = ¢;. To find the component
(r,c) of (4.8) one must then take the c—th component of Jj, . and the r—th component of M
before to compute the trace.

The invariant measure is then

1 _i 0N ;0N
dete!™} = dpndfn cos Oy sin?V 1 g det (2Tr [e o AszthNez‘Jj\vr ANle]) . (4.9)

We now use the recurrence relation

Jhy = Aw-1)241ddN-1 + eI AN -D2H N (v _qje e VTR D2 dl

EN—-1
) ON_1 ON—1 .
+e—z¢N71A(N_1>2+1e*’ﬁ*m—l)?—lJhN_lelﬁA(N—1>2—161¢N71A<N—1>2+1 . (4.10)

Computing the traces different cases arise depending on whether j = N —1 or j < N — 1; using
again the relations in appendix A it is not too difficult to show that the last determinant is equal
to

dot don—1 cos(NOy) —%sin(NﬁN)sin(2¢N,1)d0N,1 o
¢ dqu,lsin(NGN) %COS(N9N>SiH(2¢N,1)d6N,1

1 *i(:N;l)‘(N—n?—l iiN;lA(N—m?q
x det icosngN,lTr e °N-1 Jhy_ € N-1 M ,

which put into (4.9) in turn yields the recurrence relation

Sin2N71 ¢N

N N-1
detet™N = dondiy o=y — detetN 1 (4.11)
which can be solved to give
N-1
detetN} = 2d0ndon cos gy sin?N Ly H [sin g cOs?271 ¢ad0ad¢a] . (4.12)
a=1

This is the same result as found in [1].



4.2 The range of the parameters

At this point we are able to determine the range of the parameters in such a way as to cover the
whole group. We will do this only for the base space: The remaining ranges for the fiber can be
determined recursively, as discussed above, remembering in particular that the U(1) phase in U (k)
can be taken in [0, 27 /k].

We then proceed as in [2]. We first choose the ranges so as to generate a closed ((N + 1) —
1)—dimensional closed manifold which then has to wrap around the group manifold of SU(N + 1)
an integer number of times. This can be done by looking at the measure (4.12) on the base manifold
and noticing that it is non singular when 0 < ¢, < 7, whereas 6, can take all the period values
0, € 10,27, for all a = 1,..., N. However, note that the angles 61, ¢1, 02 generate the whole SU(2)
group when 0 < 60; <, 0 < ¢, < § and 0 < 6 < 2m. We can then restrict 6; € [0, 7]. The rest
of the variety is generated by the remaining U(N) part.

If we call V41 the manifold obtained this way we then find

T N 2 N z N—-1
Vol(V11/U(N)) :/ d@H/ doaH/ d¢b{cos¢N sin® " on [ [sin¢ccos2c_1¢c]}
0 a=2"0 b=1"0 c=1
N
™

or equivalently

N

Vol(Viv+1) = Vol(U(N)) = -

(4.14)
This is exactly the recursion relation found in App. B. Therefore, it is the correct range of the
parameters for every N > 2, if we have V3 = SU(3), as can be easily checked directly or by
comparison with the results given in appendix A of [4].4

The next step is to determine the parametrization of SU(N + 1) for every value of N . Tt is given
by (3.2) with

0<6, <m, 0<6,<2m,a=2,...,N

2T ™
I<w<=— 0<¢g<=,a=1,...,N, 4.15
Sw< S¢a< g0 (4.15)

and the remaining parameters which cover SU(N) (determined inductively).
To prove that our parametrization is well-defined we can do more: We are in fact able to show
that the induced metric on the base manifold is exactly the Fubini-Study metric over CP” .

5 The geometric analysis of the fibration

We will now show that the metric induced on the base space takes exactly the form of the Fubini-
Study metric in trigonometric coordinates as given in appendix C. To do so we will again use
inductive arguments.

The metric on the base is ds% = [e!V}7 @ !V} where T indicates transposition and etV} is given

4See also App B of [5].



n (4.8). Using the relations in appendix A and defining

N
Xy = % > T [Jny€adaz1] (5.16)
a=2
the metric takes the form
N-1 1 0N 0N 2
dsh = d’¢n +sin® gy < [dOy + Xn)* + > [QTT <6_Z€N/\N21JhNel<N/\N21> Ajg}
j=1

N-1 2
1 —idn e 2 :
+ E [2Tr (e N ANLthNe NN 1) )\j2+1] —sin® ¢ [dOn +XN]2 . (5.17)
j=1

This is an encouraging form, which upon comparison with (C.3) suggests the identification £ = ¢ .
With this identification in mind, let’s first remark that the following recursion relation holds

Xy =cos® py_1(dIn_1 + Xn_1) , (5.18)

which can be shown by inserting (4.10) in (5.16) and then applying (A.6) and (A.11). A direct
computation yields

X3 = cos? ¢o(dfz + cos(241)db,) (5.19)
from which, through repeated application of the recurrence relation (5.18), we obtain
N-3T k N—2
Xy = Z [H cos? ¢Nz‘| dOn_k + H cos? ¢Nz] (d92 + COS(2¢1)d91) . (520)
k=1 Li=1 i=1

At this point we have to compare dfy + X with the coefficient of sin? ¢ in (C.3). In fact, to bring
dOn + X to the desired form ZfV:l(Ri)de/)i, one is tempted to just set 0; = 1; and ¢, = w,,.
However, this cannot be the case because the R’ don’t satisfy the condition S)(R*)? = 1.

These observations, together with explicit calculations for the case N = 4 and N = 5, suggest that
we should simply take some linear combination t; = ;(0;). This can be done as follows: Let us

introduce new variables 05 ,k=1,..., N, such that
On=0n, Onp=0yv_jp—0On_ks1 ,k=1,...,N—3,
01+ 6:=060,—105, 0y —0:=03—0 . (5.21)
In this way dfn + X takes the desired form
N
dony + Xy = Z(Rl(u}“))del (5.22)
i=1

with w, = ¢, p=1,...N —1,¢; =Ox_i1,i=1,...,N and

k—1
Ry =singn_1 , Rk:sinqSN,kHcosng,i,k:2,...,N—1,

=1



N—-1

RN = H COS ¢N—i . (523)

i=1

These formulas agree with the expressions in App. C. As the last step, in App D we finally show
that, after performing the change of variables described above, the coefficients of sin? € and sin? ¢
also agree. This proves that the metric induced on the base CPY of the U (N) fibration by the
invariant metric on SU(N +1) is nothing else but the natural Fubini-Study metric in trigonometric
coordinates.

We can now use this result as a different method to fix the range of the parameters. In fact,
(R',..., RN) parametrize the positive orthant of a sphere, if 0 < ¢; < 5,4 =1,...,N — L
Moreover, the identification of ¢ with £ yields ¢ € [0,7/2]. Finally, it is easy to show that the
conditions 0; € [0, 27] are equivalent to 6; € [0, 7] and 6; € [0,27], i =2,..., N.

These are the same results obtained in (4.15).

6 Conclusions

In this paper, we have reconsidered the problem of constructing a generalized Euler parametrization
for SU(N). The parametrization we find differs slightly from the one described by Tilma and
Sudarshan. In fact, comparing our results with the expression (18) in ([1]), it is possible to see
that we have chosen A(;_1)2_; instead of A3. Furthermore, we have computed the corresponding
invariant measure, which turns out to coincide with the result in ([1]), despite the slight differences
in the choice of the parametrization.

To determine the range of the parameters, we have used two distinct methods, both yielding
the same result. To better motivate the name ”Euler angles”, we have carefully shown that
the parametrization captures the Hopf fibration structure of the SU(N) groups. In particular
the change of coordinate we found to evidentiate the fibrations, gives an explicit map between
the Euler coordinates introduced starting from the generalized Gell-Mann matrices, and the ones
introduced in [6] using geometrical considerations.

We have given a quite explicit proof of every assertion. Apart from corroborating the results of
Tilma and Sudarshan, we think that our work is providing a complete toolbox of computation
techniques useful in applied theoretical physics as well as for experimental physicists.
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A Some commutators

Using the explicit form of the generalized Gell-Mann matrices constructed with the conventions of

section 2, we find the useful commutators

[)\N2+1) )\N2+2j] - _Z)\j2
ANzy1, ANz o] = idjeqn (A1)
when j=1,...,N — 1.
Others interesting relations easy to check are
N
[An211, Anz] = —i(N + 1)€N+1)\(N+1)2—1 — IZ €aNa2_1 ,
a=2
[>\N2+1a /\a2—1] = i€ ANz ,
[)\N2+1, )\(N+1)2—1} = ’L(N + 1)€N+1>\N2 , (AQ)
where a = 1,..., N, from which remembering that ¢, = k(k2_1), one also finds
Anzi1, [Anvzat, Anz]] = 4A N2 . (A.3)
From the first two commutators we find the very useful relations
eiz)\N2+1 /\j2+1€7im)\N2+1 — Sinx)\N2+2j+1 _ tanxeim)\N2+1/\N2+2j+1€7i1)\N2+1
29 —izA 29N —izA
AN\ jae T AN = _Sinl‘)\NZJer + tanxem N A N2 e TN (A.4)
when j=1,...,N — 1.
Other useful relations easy to prove using the previous relations are
N
Z 63 + (N + 1)26?\/4-1 =4, (A.5)
a=2
N
Z €¢21 + (N + 1)6?\[4-1 =2, (A.6)
a=2
Tr [efia:)‘NQJrl )\N2_1€m>‘N2+1 /\N2+I] = endyosin(2z) , (A7)
1 ) )
5T [Aae 2201\ y2 g0V 41] = 6, osing ,a < N2 —1,i=1,...,N —1 (A.8)
1 TTA N2 — 3T N2 . 2 .
§Tr [)\ae N2H1AN2 o g€ N +1] = —0gp2418inr ,a < N“—-1,i=1,...,N -1A9)
1 NZ 1 1 N 2
§T7‘ 67’$)‘N2+1)\N2€7”:)‘N2+1 Z C'\ | = Sin(2x)§ ZTT |:Cb 7161,2_1} , (A.10)

a=1 b=2



N N
Z Tr {Aei”’)‘wﬂ)”l )\az,le_i““’*l)”l} = cos’x Z Tr[Aeghaz_1] , (A.11)
a=2 a=2

em)‘N2—1/\(N,1)2€7im>‘N2—1 = COS(NeNI))\(N,l)z — Sin(NGNJJ)/\(N,l)2+1 s (A.l?)

emANz—l)\(N,1)2+167i$AN2—1 = COS(NENZ‘))\(N,U’UA + Sin(NGNl‘)/\(N,l)z s (A.13)

where we used A := 2551_1)2_1 AN,

B The total volume of SU (k)

The total volume for the groups SU (k) can be found following as shown by Macdonald in [3]. First
remember that, in the sense of rational cohomology, SU (k) is equivalent to the product of odd
dimensional spheres

k
SU(k+1)~ J] s> . (B.1)
j=1
where we chosen k-+1 to obtain recursive relations. The total volume of the group is then uniquely
determined when the a metric is established on the Lie algebra. We chosen the metric induced by
the scalar product (A4|B) = 1Tr(AB), for A, B € su(k+1). In this way the Gell-Mann generators
are orthonormal. The formula for the total volume is [3]

k
Vol(SU(k+1)) = [[ Vol(S*™) - Vol(Tx) [] la"?, (B.2)
j=1 a>0
where oV are the coroots associated to positive roots and Vol(Ty) is the volume of the torus
generated by the simple coroots.
For su(k + 1) the simple coroots are s; = L; — L;11, i = 1,...,k where L; is the diagonal matrix
with the only non vanishing entry {L;};; = 1. After writing s; in terms of A;, as

k
1
5 = Z §T7‘{8i)\(a+1)2—1})\(a+1)2—1 : (B.3)

a=1

it is easy to prove the recursive relation

Vol(Ty) = \/%Vol(Tk_l) . (B.4)

Vol(SU(k + 1)) = VOZ(SU(k))QWZ1 ,/% (B.5)

where we used the fact that all the positive coroots have unitary length. If we note that the phase

.0
e A2 generates an U(1) group of volume 27 k41 and that Uk) = %:U(l), we can

2
finally write

From this we find

k

Vol(SU(k+1)) = Vol(U(k))% . (B.6)

10



C The Fubini-Study metric for CPY

CPY is a Kahler manifold of complex dimension N. In a local chart, which uses holomorphic
inhomogeneous coordinates {z*}Y., € C, the Kéhler potential is K (z%,27) = £log(1 + SN ER)

with k a constant. The associated Kéhler metric g;; = % is then

) Zf\; dztdzt Zf\]j:l 2tdzizi dzI
dsgpy =k N an <N aaa | (C.1)
1+Zi:1 | 2] (1+Z¢:1 |2%]2)

Notice that obviously it is not possible to cover the whole space with a single chart, but the set of
points which cannot be covered has vanishing measure. For our purpose it is therefore enough to
consider a single chart.

Let us now search for a trigonometric coordinatization. To this aim let us introduce the new real
coordinates &, wy,¥;, p=1,...,N—1,49=1,..., N, such that

2t = tan ERY (w),)e™ . (C.2)

Here R'(w,) is a parametrization of the unit sphere S"~!, construced as an immersion in RY,
where Zi]\il(ﬁ’i)2 =1 and w,, are the angles of the sphere. However, notice that we are restricted
to the positive orthant only: R; > 0. If w, are the standard angles (starting for example with the
azimuthal one w;), then w, € [0,7/2], £ € [0,7/2] and ¥; € [0,27]. This choice of coordinates
finally gives

N

Z(Rifdwi] : (C3)

i=1 i=1 =1

N N
dsgpn = d&* +sin®¢ | Y " dR'AR' + Z(Ri)Qd%] —sin*¢

In particular notice that the coefficient of sin®¢ yields a metric for (the positive orthant of) the
sphere SNV-1.

D Final checks

Here we verify that the change of variables introduced in section 5 transforms the terms

do X 2 - 1T 7i27N/\N2—1 iiiNAN271 A ’
[N+N]+Z§T€N Jpye N 2

j=1
N—-1

1 o o 2
+> LTT (e NN e e%%v?l) Aj2+1] , (D.4)

Jj=1

into the coefficient of sin? ¢ in (C.3).
First, using (4.10) and the relations in appendix A, it is possible to show that

oy oy
_GON ON §
I'r {e Yen NZ*IJhNeleN N21)\j2}
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i1y 2 Ny '
=cospn_1Trqe N-1TONEDTL e N1 TEEDTI A L b <N — 1

N 0N
iy IN
Tr {6 YeN NQ_IJ}LNeZEN N2—1>\j2+1}

LON
G N=1 5

ON—1
—i——=X 2 2 .
=cospn_1Tre N1 N=DZ-LJ, o e en-1T(NTD 1)\j2+1} , J<N-—1

0N N
% A % A
Trqe "<~ N271Jh,,6 N N271>\(N 1)2

= Sin(Q(Z)N,l) COS(N@N) [dHN,l + XNfl] — QSin(NHN)d(bN,l s

.0 .0
Tr eﬂ%)‘w—lJ;LNeZ%ANZ—l)\(N,l)erl
=sin(2¢y_1)sin(NOy) [dOn—1 + Xn_1] + 2cos(NON)dpn_1 . (D.5)

Note that these are true for N > 3, if we define X5 := cos(2¢1)df;. From these relations we find

i ON i ON
—i-ELN i\
Zr{e N ONZ1J el N Nzl)\jz}

N-1
= H COS ¢k [Sil’l(2¢j) COS [(] + 1)9j+1] (dHJ + Xj) — 2sin [(] + 1)9j+1] d¢]] 5
k=j+1
—iN e 0N
Trqe NN 71JhN€ en TN 71Aj2+1
- v -
= H cos ¢y, | [sin(2¢;)sin [(j + 1)0;41] (db; + X;) + 2cos [(j + 1)0j41] do;]
k=j+1

with j=2,..., N—1. For j =1

oNn N

8 O 5

Tr {e Yen Vo1 N Nzl)q}
TN—1 .

= H cos ¢y, | [sin(2¢1) cos(2602)dl, — sin(2602)d¢q]
[ k=2 |

;ON i ON
3 A 1 A
2?"{6 Yen N2*1(7hN67‘N N21)\2}

N1 ,
= H cos ¢y, | [sin(2¢1 ) sin(2602)dby + cos(202)d¢] .
| k=2 ]

Thus we see that (D.4) takes the form Sy + Uy, where

N-—-2 N-1
Sy =ded 1+ Y cos® gy, | do? (D.6)
Jj=1 | k=j+1
N-—-1 N-—-1
Uy = (don + Xn)*+ > sin®¢; | [] cos® ¢ | (d0; + X;)?
Jj=2 k=j
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N-—-1

+ [ cos® ¢x sin? (2¢1)d67 . (D.7)
k=2
First, we show that
N . .
Sy =Y dRIdR’ (D.8)
j=1

with R7 as in (5.23). To this aim let us define the N-dimensional vector Ry = (R,..., RN). Such

a vector has unit length, and satisfies the recurrence relation RN = (sinpy_1,cos (;SN,lR’N,l),
from which we find

dﬁN . dé]\/ = d(b?\f—l + cos? ¢N_1dRN_1 . déN_l . (D9)
Here the dot indicates the scalar product in N dimensions. Now, from (D.6), we also have
SN :ddﬁ\/—l +0082 ON_1SN_1 - (D.IO)

As Sy and df_fN . dﬁN both satisfy the same recurrence relation, the thesis follows because of
Sy = dRy - dRs.

The second and last step of our proof consists in showing that after the change of coordinates
(5.21) the equation (D.7) takes the form

N

Uy = (R)*dy; . (D.11)

i=1

The structure of (D.7) suggests that it is convenient to make the change of variables starting from
O and O _1 step by step. Note that Xy _1 is invariant under this transformation, so that we have

(dfn + Xn)? + sin® g1 cos® py_1(dfn_1 + Xn_1)* ~
= sin2 ¢5N_1d9]2\; + cos? ¢N—1(d9N—1 + XN_1)2 .(D.l?)

Here we have used (5.18) to express Xy in terms of Xy_1. Then Uy takes the form

Uy = sin? ¢N71dé?\, + cos® ON—_1 [(déN,1 + XN,1)2
+sin? ¢y _ cos? ON—2(dOn_2 + XN,Q)Q] +... (D.13)

Now it is possible to use (D.12) with N — 1 in place of N in order to write 8_2 in terms of On_o.
In fact, this relation can be applied recursively up to df3, obtaining

N—4 N-1
Uy = sin? qﬁN,ldé]QV + Z sin® ON—j H cos? o] dé%fwd
j=2 I=N—j+1
N-1 } N-1
+ H cos? d)l] (dfs + X3)? + sin? ¢y lH cos? gbk] (dfy + cos(2¢1)db, )*
1=3 k=2

13



N—-1

H cos? ¢;€1 sin?(2¢1)07 . (D.14)

k=2

+

At this point we can perform the last two changes of coordinates in (5.21), to show that
dfs + X5 = sin? ¢odfs + cos® ¢o (sin? $165 + cos? ¢1dé1) , (D.15)

and this completes the proof.
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